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Consider two insurance companies (or two branches of the same company) that divide between them both claims and premia in some specified proportions. We model the occurrence of claims according to a renewal process. One ruin problem considered is that of the corresponding two-dimensional risk process first leaving the positive quadrant; another is that of entering the negative quadrant. When the claims arrive according to a Poisson process, we obtain a closed form expression for the ultimate ruin probability. In the general case, we analyze the asymptotics of the ruin probability when the initial reserves of both companies tend to infinity under a Cramér light-tail assumption on the claim size distribution.
Introduction.
The multidimensional renewal risk model. In collective risk theory, the reserves process X of an insurance company is modeled as X(t) = x + pt − S(t),
where x denotes the initial reserve, p is the premium rate per unit of time and S(t) is a stochastic process modeling the amount of cumulative claims up to time t. Taking S to be a compound Poisson or com-This is an electronic reprint of the original article published by the Institute of Mathematical Statistics in The Annals of Applied Probability, 2008 , Vol. 18, No. 6, 2421 -2449 . This reprint differs from the original in pagination and typographic detail. 1 2 F. AVRAM, Z. PALMOWSKI AND M. R. PISTORIUS pound renewal process yields the Cramér-Lundberg model and the SparreAndersen model, respectively. Recently, several authors have studied extensions of classical risk theory toward a multidimensional reserves model (1) where X(t), x, p and S(t) are vectors, with possible dependence between the components of S(t). Indeed, the assumption of independence of risks may easily fail, for example, in the case of reinsurance, when incoming claims have an impact on both insuring companies at the same time. In general, one can also consider situations where each claim event might induce more than one type of claim in an umbrella policy [see Sundt (1999) ]. For some recent papers considering dependent risks, see Goovaerts (1996, 1997) , Goovaerts and Dhaene (1996) , Müller (1997a Müller ( , 1997b and Denuit, Genest and Marceau (1999) , Ambagaspitiya (1999) , Dhaene and Denuit (1999) , Hu and Wu (1999) and Chan, Yang and Zhang (2003) .
Model and problem. In this paper we consider a particular two-dimensional risk model in which two companies split the amount they pay out of each claim in proportions δ 1 and δ 2 where δ 1 + δ 2 = 1, and receive premiums at rates c 1 and c 2 , respectively. Let U i denote the risk process of the ith company U i (t) := −δ i S(t) + c i t + u i , i = 1, 2, where u i denotes the initial reserve. We will study here the eventual ruin probabilities in two cases:
1. the Lévy model, obtained by taking S(t) to be a general Lévy process; 2. the Sparre-Andersen/renewal risk model, where S(t) is
N (t) is a renewal process with i.i.d. interarrival times ζ i , and the claims σ i are i.i.d. nonnegative random variables independent of N (t).
The intersection of the two cases is the classical Cramér-Lundberg model, where S(t) is a compound Poisson process with nonnegative jumps.
We shall denote by F (x) the distribution function of the "claims" σ i , and by λ and µ the reciprocals of the means of ζ i and σ i , respectively.
As usual in risk theory, we assume that U i (t) → ∞ a.s. as t → ∞ (i = 1, 2). In the case of the Sparre-Andersen model, this amounts to p i > ρ := λ µ = Eσ/Eζ.
We shall assume that the second company, to be called reinsurer, receives less premium per amount paid out, that is,
Several ruin problems will be considered here:
1. The first time τ or when (at least) one insurance company is ruined, that is, the exit time of (U 1 (t), U 2 (t)) from the positive quadrant
2. The first time τ sim when the insurance companies experience simultaneous ruin, that is, the entrance time of (U 1 (t), U 2 (t)) into the negative quadrant
The associated ultimate/perpetual ruin probabilities will be respectively denoted by ψ or (u 1 , u 2 ) and ψ sim (u 1 , u 2 )
Letting τ i (u i ) = inf{t ≥ 0 : U i (t) < 0}, i = 1, 2, we also will consider
Denoting by ψ i (u) := P (τ i (u) < ∞), the ruin probability of U i when U i (0) = u, it clearly holds that
As the ruin probabilities ψ or , ψ and and ψ sim do not change under a scaling of (U 1 , U 2 ), we restrict ourselves in the sequel to the respective ruin probabilities ψ or , ψ and and ψ sim of the scaled process (X 1 , X 2 ) given by
This puts into evidence the fact that all the randomness in our model acts in one direction; in the future, we call this model informally a "two-dimensional degenerate model."
Geometrical considerations. The solutions of the "degenerate two-dimensional" ruin problems ψ or , ψ sim and ψ and strongly depend on the relative position of the vector of premium rates p = (p 1 , p 2 ) with respect to the proportions vector (1, 1). A key observation is that the ruin times τ or and τ sim are also equal to
where b = b min = min{ℓ 1 , ℓ 2 } and b = b max = max{ℓ 1 , ℓ 2 }, respectively, with
see Figure 1 . The two-dimensional problems may thus also be viewed as a one-dimensional crossing problem over a (piecewise) linear barrier. Our exact results follow directly from this geometrical observation, which essentially breaks the problem in two pieces: ruin of one of the coordinates before the deterministic time
of entering the lower cone x 2 ≤ x 1 , or ruin of the other coordinate subsequently.
If the initial reserves satisfy x 2 ≤ x 1 , the two lines do not intersect. It follows therefore that the barriers b min , b max are actually linear
Thus, the "or" and "sim" ruin always happen for the second and first company, respectively, and
This case in which explicit and asymptotic formulas for ψ sim , ψ or and ψ and follow directly from the well-known one-dimensional ruin theory; see, for example, Rolski et al. (1999) or Asmussen (2000)-will not be discussed further.
Contents. This paper is devoted to obtaining exact results for the eventual ruin probabilities in the other case, when the initial capitals satisfy x 1 < x 2 . We obtain also sharp "Cramér/light tails" asymptotics, as the initial capitals x 1 , x 2 tend to infinity along a ray (i.e., x 1 /x 2 is constant).
We introduce notation and gather some necessary prerequisites from one dimensional ruin theory in Section 2.
In Section 3, we obtain several exact decomposition formulas for the two-dimensional ruin probabilities ψ or , ψ sim and ψ and , in terms of onedimensional ruin probabilities. In particular, we obtain for the compound Poisson case with exponential jumps an exact result in Corollary 1.
In Section 4, we show in Theorem 3 for the general two-dimensional Lévy case the natural result:
where we write
In Section 5, specializing to the case of the Cramér-Lundberg model, we sharpen the general result, obtaining two term asymptotic expansionsTheorems 5 and 6. We find different leading terms within subcones of the positive quadrant, as typical in such cases; see, for example, Borovkov and Mogulskii (2001) and Ignatyuk, Malyshev and Shcherbakov (1994) . We also find in our specific "degenerate model" a correction term not present in previous works.
The paper concludes with two explicit examples in Section 6, which provides interesting illustrations of multidimensional sharp large deviationssee the Appendix for the relation to the existing first passage large deviations theory. In this context, it is worth clarifying that our particular results are considerably sharper than the general logarithmic asymptotics results obtained, for example, by Collamore (1996) , Theorems 2.1 and 2.2, for the first passage times to convex open and open sets in R d , respectively. Further, our proofs do not appeal at all to the multidimensional large deviations theory. Instead, exploiting the special structure of our problem, we make use of a one-dimensional asymptotic limit result; see Theorem 2 in Section 2.3-which is a consequence of the sharp approximation of finite-time ruin probabilities obtained by Arfwedson (1955) and Höglund (1990) .
2. Preliminaries: One dimensional theory. Let Z be a general Lévy process, that is, a process with stationary and independent increments that is continuous in probability and starts at 0, defined on some probability space (Ω, F, P ) and let E denote the expectation w.r.t. P . To avoid trivialities, we exclude the case that Z has monotone paths. We will restrict ourselves to Lévy processes Z that admit negative exponential moments, that is, E[e −νZ(t) ] < ∞ for some ν > 0. For such processes, Z, we consider the cumulant exponent:
which is well defined on some maximal domain Θ = {θ ∈ R : κ(θ) < ∞} whose interior will be denoted by Θ o := (θ, θ), where θ = inf Θ and θ = sup Θ.
In the particular case that Z is equal to the classical Cramér-Lundberg process (i.e., a positive drift added to a spectrally negative compound Poisson process), we note that θ = ∞ and κ ′ (θ) → ∞ if θ → ∞.
2.1. One-dimensional Cramér type sharp asymptotics. Let τ (x) denote the first passage time of the level −x by Z τ (x) = inf{t ≥ 0 :
where X is the translation of Z by x, X(t) = x + Z(t), and set ψ(x) = P (τ (x) < ∞). Let us assume the Cramér assumption that there exists a γ > 0, such that κ(−γ) = 0.
Under this assumption, Cramér has shown that when Z is a Cramér-Lundberg process, then
where C is given explicitly by [see, e.g., Feller (1971) , Chapter XII.5]
which is strictly positive if and only if κ ′ + (−γ) > −∞. For a general Lévy process satisfying the Cramér assumption, Bertoin and Doney (1994) proved that (11) remains valid for some constant C ≥ 0 that can be expressed in terms of the law of the ladder process and that is positive precisely if
2.2. The Arfwedson-Höglund theorem. We recall now the asymptotics of the finite time ruin probability ψ(x, t) = P (τ (x) ≤ t) for the Cramér-Lundberg process, first obtained by Arfwedson (1955) via the saddle-point method. Later, Höglund (1990) noted similar results for the probability of ruin after time t
Our formulation below, based on Höglund (1990) , Corollary 2.3 and Asmussen (2000) , uses the exponential family of measures {P (c) } defined for all c ∈ Θ = {θ : κ(θ) < ∞} by the Radon-Nikodym derivative Λ (c)
with P (0) = P and the corresponding shifted cumulant exponent given by
Further concepts, familiar from large deviations theory, that will be used are the convex conjugate κ * of the cumulant exponent κ, defined by
and the reparametrization of the exponential family by the corresponding set of means of Z. More precisely, it holds that to any −v ∈ (v, v) with
Further, for any 0
(Note that we parameterized by −v since the possible means leading from x > 0 to 0 are necessarily negative.) Remark 1. From now on, all quantities related to the shifted measure P (c) (like, e.g., the cumulant exponent, the adjustment coefficient, etc.) will be indicated by a superscript (c) added to their P -counterparts. Observe that, in view of (15), the convex conjugate under P (c) and P are related to each other by κ * (c) (v) = κ * (v) + κ(c) − cv. Similarly, it follows that the shift θ (c) v and its conjugate θ
Theorem 1. Assume that either κ ′ + (0) < 0 or that the Cramér assumption holds and write ζ = − min{θ : κ(θ) = 0}. If 0 < v < −v and x, t → ∞ such that x/t = v; it holds that 
where (17) is to be understood as lim x,t→∞,x=tv e xζ ψ(x, t) = 0, if κ ′ (−ζ) = −∞ and ζ > 0.
2.3. The asymptotic limit laws of the process before/after ruin. The following result shows existence of and identifies the limit laws of the Cramér-Lundberg process X(t) conditioned on t < τ and on t > τ . It will be used to establish Propositions 2 and 3.
Theorem 2. Assume that θ < 0 and κ ′ (0) < 0.
in the sense of weak convergence, where
with c(v) the function appearing in (19).
(
Proof. (i) First, we verify that the measure Ψ v is a probability measure. Indeed, it is not hard to verify that Ψ v is a measure (since θ ′ v > θ v > 0) that integrates to one. Further, it is easily checked that the mgf M v of Ψ v is given by
In view of the continuity theorem, the weak convergence in (20) follows once we show that the mgfs M x,t (c) of the measures P (X(t) ∈ · |τ (x) > t) converge pointwise to M v (c) as x, t → ∞, x/t = v, for c in some neighborhood of the origin.
Since θ < 0, it holds that for all c in some neighborhood of the origin M x,t (c) is finite and E[e cX(t) 1 {t<τ (x)} ] = e cx+κ(c)t P (c) (t < τ (x)). It also holds that
Invoking Theorem 1 and (15) for the numerator and denominator, it follows by taking the limit of x, t → ∞, x = tv that lim x,t→∞,x=tv
In view of Remark 1, the latter is equal to M v (c).
The proof of (ii) is similar and omitted.
2.4. Law of large numbers for the ruin time. We include now for reference a result concerning the behavior of the time of ruin of a general Lévy process Z for large initial reserves.
, then the Lévy process Z oscillates and the identity follows since then E[τ (x)] = +∞ for every x (see, e.g., Bertoin (1996) , Chapter VI, Proposition 17(iii)). Suppose now that −∞ < E[Z(1)] < 0 (so that Z drifts to −∞) and first exclude the case that Z is a compound Poisson process. Denoting by L −1 (t) = inf{u ≥ 0 : L(u) > t}, the inverse of the local time L of Z and T (x) = inf{t ≥ 0 : H(t) > x} the first passage time of the ladder height process
The pair (L −1 , H) forms a two-dimensional Lévy process and we denote its bivariate Laplace exponent by κ. The Laplace transform of E[τ (x)] can then be expressed as follows:
where ∂ i denotes the partial derivative with respect to ith variable (see, e.g., Bertoin (1996) , Chapter VI, Proposition 17). As κ(0, 0) = 0 and κ(0, ·) is right-differentiable in zero, it follows in view of a Tauberian theorem that
The strong law of large numbers implies that the product
(the corresponding result for random walks is known as the famous Wald identity). Since
, the claim follows. The case of a compound Poisson process follows by adding a small drift.
(i) The strong law of large numbers implies that, P -a.s.,
as x → ∞, where we used the Wald identity (24).
3. The exact ultimate ruin probability for the degenerate 2-d process. In this section, we consider the probability that a Lévy process S starting at 0 ever upcrosses a piecewise linear barrier b. To be specific, we consider the first passage time τ b of S over b, as in (8) 
where x 2 > x 1 and p 1 > p 2 . As noted in the Introduction, P (τ b < ∞) with b = b min (resp. b = b max ) exactly coincides with the ruin probability ψ or (x 1 , x 2 ) [resp. ψ sim (x 1 , x 2 )] of the process (X 1 , X 2 ) with
Denoting by
the time at which the lines t → x 1 +p 1 t and t → x 2 +p 2 t cross, we see that, for example, for S to never cross b min , it is required to stay below the barrier x 1 + p 1 t between the times 0 and T and subsequently to stay below the barrier x 2 + p 2 t after time T . Since S is Markovian and
where ψ or = 1 − ψ or , F i (s) = P (s + S(t) ≤ x i + p i (t + T ) ∀t > 0) and
is the density of S(T ) of the paths at time T that "survived" the upper barrier x + p i t. Reformulating this result in terms of the two coordinates X i of X = (X 1 , X 2 ) and the coordinate-wise densities of the surviving paths
we arrive thus at the following result, which relates the ruin probabilities of the two dimensional process X to those of its coordinates X 1 , X 2 . Proposition 1. Let X = (X 1 , X 2 ) be the two-dimensional Lévy process with X i given in (25) and suppose that x 2 > x 1 and p 2 < p 1 .
(a) The ruin probabilities ψ and , ψ sim and ψ or are given by
(b) The survival probabilities ψ or = 1 − ψ or and ψ sim = 1 − ψ sim are given by
where T is given in (26), ψ i (dz, T |x i ) in (28) and ψ i (z) = P (τ i (z) = ∞) are perpetual one-dimensional survival probabilities.
Proof. By definition of ψ sim, it holds that ψ sim (x 1 , x 2 ) = P (max{X 1 (t), X 2 (t)} ≥ 0 for all t ≥ 0).
Next, we note that, if x 2 > x 1 , it holds that the maximum
is equal to X 2 (t) for t ≤ T and to X 1 (t) for t > T , where T was defined in (26). Applying subsequently the Markov property of X 1 at time T shows that
The identity in (29) follows by taking the complement of (32). The proof of ψ or is similar and omitted. Finally, write
Equation (31) follows then by checking that {τ 1 (x 1 ) > T } and {inf s>T X 1 (s) < 0} respectively imply that {τ 2 (x 2 ) > T } and {inf s>T X 2 (s) < 0}.
In the special case that S is a compound Poisson process with exponential claims σ i with parameter µ, we have exponential ultimate ruin probabilities
where C i = λ µp i and γ i = µ − λ/p i . Similarly, if S is a spectrally negative Lévy process, the Markov property and the absence of positive jumps imply the multiplicativity property P (τ i (x + y) < ∞) = P (τ i (x) < ∞)P (τ i (y) < ∞). Thus, P (τ i (x) < ∞) must be an exponential function (33) and the constant C i equals 1. For these two cases, equations (29)- (31) can be developed further by employing the technique of change of measure.
3.1. The case of exponential ultimate ruin probabilities. Consider now the relation (30) in the case of exponential ultimate ruin probabilities that is when ψ i (x) = C i e −γ i x for C i , γ i > 0 (i = 1, 2). Note that
where C 2 = 1 in the case that S is a spectrally negative Lévy process. Let κ i be the cumulant exponent of X i (t) − x i . By a change of measure (14) and using that −γ 2 x 1 + κ 1 (−γ 2 )T = −γ 2 x 2 , we find that the second term in (34) is equal to
The probabilities ψ sim can be treated using similar arguments, and ψ and is obtained from the "complementarity equation" (7). In conclusion, the original two-dimensional ruin problems ψ or /ψ sim /ψ and are reduced to onedimensional finite time ruin problems ψ (c)
i (x, t) = P (c) (τ i (x) ≤ t), as follows.
Corollary 1. Suppose S is a spectrally negative Lévy process, or a compound Poisson process with exponential (positive) jumps and let X i defined by (25). If x 2 > x 1 , it holds that
i (x, t) and
Proof. Let us establish the last statement. By inserting the expression for ψ or in (7), it follows that
This decomposition result (and its generalization) will provide the key for obtaining the two terms asymptotic expansions in Propositions 2, 3 below.
General two-dimensional Cramér asymptotics.
We consider now the asymptotics of the ruin probabilities ψ sim , ψ or and ψ and when the initial reserves tend to infinity along a ray, for a general two-dimensional Lévy process X = (X 1 , X 2 ) starting from x = (x 1 , x 2 ). To avoid degeneracies, we exclude throughout the cases that X 1 or X 2 have monotone paths, or that the ratio
The law of the process X is determined by its joint cumulant exponent κ(θ 1 , θ 2 ) = log E[e θ 1 (X 1 (1)−x 1 )+θ 2 (X 2 (1)−x 2 ) ] which is well defined on its domain Ξ = {θ ∈ R 2 : κ(θ) < ∞}, whose interior is denoted by Ξ o . For every θ ∈ Ξ o , the gradient ∇κ(θ) = (∂ 1 κ(θ), ∂ 2 κ(θ)) is well defined. Other subsets of Ξ playing a role in our setting are: the Cramér set C, its interior C o and its boundary ∂C := C\C o where
In view of the convexity of κ, it follows that the set C is convex and that for fixed θ ′ ∈ ∂C ∩ Ξ o , it holds that
where · denotes the inner-product.
Associated to any c ∈ Ξ is a measure P (c) defined as a twist of P by the martingale exp(c 1 (
We assume throughout that besides the origin, the Cramér set intersects the axes in two more points:
We shall also assume that
When (37), (38) hold, we will say that the Cramér assumptions hold true for X = (X 1 , X 2 ). Example 1. If S(t) is a Lévy process and X i (t) = x i + p i t − S(t) (with the cumulant generating functions κ i ), then the joint cumulant generating function κ of (X 1 , X 2 ) is related to κ 1 and κ 2 by
where κ S is the cumulant exponent of S. It is easy to check that the degenerate two-dimensional Lévy process X = (X 1 , X 2 ) satisfies the Cramér-conditions iff its coordinates do, that is, if there exist constants γ i > 0, in the interior of the domains of the cumulant exponents κ i of X i (t) − x i (i = 1, 2), such that
The following result yields the asymptotics of ψ or and an order estimate of ψ and for general two-dimensional Lévy processes.
Theorem 3. Suppose that the Cramér assumptions (37) and (38) hold, and let a > 0. Then as K → ∞,
where C i > 0, i = 1, 2, are the asymptotic constants corresponding to X i .
The proof of Theorem 3 is based on the following estimates.
Lemma 2. The following hold true:
Proof. The estimates follow in view of the observations that
and
where
Lemma 3. Suppose that (37) and (38) hold, and write γ a,β := βaγ 1 + (1 − β)γ 2 .
(i) If aγ 1 = γ 2 it holds that, as K → ∞,
(ii) For a > 0 and any β ∈ (0, 1),
This lemma (established below) implies immediately Theorem 3.
Proof of Theorem 3. First note that, in view of the Cramér-Lundberg asymptotics (11) and equation (7), the asymptotics in (40) imply the estimate in (41). The rest of the proof is therefore devoted to establishing (40).
In view of (11) and Lemma 2(i), it follows that, if γ 1 a > γ 2 [resp. γ 1 a < γ 2 ], the lower bound and upper bound in Lemma 2(i) are of the same order of magnitude,
Next we turn to the case γ 1 a = γ 2 . Since ψ 1=2 is dominated by ψ sim and γ a,β = γ 2 = aγ 1 if aγ 1 = γ 2 , it follows, by invoking Lemma 3(ii), that
In view of Lemma 2(ii) and Lemma 3(i), it therefore follows that (40) is also valid if aγ 1 = γ 2 .
Proof of Lemma 3. (i) The asymptotics of ψ 1≤2 follow once we have shown that as K → ∞ it holds that
where τ 1 = τ 1 (aK) and τ 2 = τ 2 (K). To prove this claim, we compare the asymptotic behavior of τ 1 and τ 2 as K → ∞, adapting the argument developed in Glasserman and Wang (1997) (Proposition 2) for random walk. If
where we used that
Applying (36) with θ = (0, −γ 2 ) and θ ′ = (−γ 1 , 0), we see that the right-hand side of (44) is bounded above by aγ 1 /γ 2 , which is equal to one if γ 2 = aγ 1 . Therefore, τ 2 (K) dominates τ 1 (aK) for all K large enough and (43) follows as a consequence of the Cramér-Lundberg asymptotics (11). The asymptotics of ψ 2≤1 can be treated similarly.
(ii) Choose β ∈ (0, 1) and write γ(β) = β(γ 1 , 0) + (1 − β)(0, γ 2 ) = (γ 1 (β), γ 2 (β)). The key step is to verify that the segment {γ(β), β ∈ (0, 1)} is not part of the boundary ∂C. Indeed, since the function β → f (β) with f (β) = exp(κ(−γ(β))) = E[exp{βγ 1 (X 1 (1) − x 1 ) + (1 − β)γ 2 (X 2 (1) − x 2 )}] is strictly convex with f (0) = f (1) = 1, it follows that f (β) < 1 for β ∈ (0, 1). (The strict convexity is a consequence of the facts that
Therefore, there exists a −γ * = −(γ * 1 , γ * 2 ) ∈ C o such that γ * i > γ i (β) (i = 1, 2). By changing the measure, we see that ψ sim (aK, K) is equal to
, where τ sim = τ sim (aK, K). Since X i (τ sim ) ≤ 0 and κ(−γ * 1 , −γ * 2 ) ≤ 0, this expectation is bounded above by 1, and as aγ * 1 + γ * 2 > γ a,β , it thus follows that
The following result concerns the asymptotics in the upper cone {x 1 ≤ x 2 }, in the case of the Sparre-Andersen model. Theorem 4. Let S be a compound renewal process as in (2) and let a < 1. Assume there exist γ i > 0 and an ǫ > 0 such that
Proof. In view of the key observation that the ruin probabilities ψ or /ψ and and ψ sim do not change if we replace X = (X 1 , X 2 ) by a two-dimensional compound Poisson process with unit jump rate and jump sizes distributed as (σ n − p 1 ζ n , σ n − p 2 ζ n ), the statement follows by invoking Theorem 3.
In Section 5 below, we will sharpen Theorem 3, in the degenerate case. Before that, we introduce a partition of the quadrant in cones, which turn out to describe the different asymptotic regimes of the ruin probabilities as the initial reserves (x 1 , x 2 ) tend to infinity along a ray.
4.1. The asymptotic cones. We introduce now two cones D i (i = 1, 2) within the quadrant R 2 + = (0, ∞) 2 , situated between the x i axis and the directions of the expected drift evaluated at the adjustment tilts v (i) := ∇κ(γ (i) ), i = 1, 2. Heuristically, these cones can be described as the "asymptotic boundary cones" of the "sim" ruin, that is, the cones where asymptotically this event happens dominantly by straight paths running to the half-lines {x :
Letting s i denote the "slopes
" of the vector ∇κ(γ (i) ) (i = 1, 2), the cones are given by
+ : x 1 < x 2 s 2 }. Note that in the degenerate case, s i become
and we show in Lemma 4 that s 2 < s 1 , implying that the cones D 1 and D 2 are disjoint in this case. Let now
We will show in Theorem 5 that within D i , ψ sim (x 1 , x 2 ) is asymptotically equivalent to ψ i (x i ), i = 1, 2, respectively, and that a different regime holds within D 0 , which is characterized by "radial dependence" on the slope a = a(x) :=
We will also show in Theorem 6 that in the case when D 2 is void [which is characterized by ∂ 1 κ 1 (γ (2) ) > 0], a special type asymptotic regime holds for ψ and , within a new "secondary cone" D 2 situated between the x 2 axis and the direction v (3) := ∇κ(γ (3) ), where γ (3) is defined as the leftmost intersection of the Cramér set with the line θ 2 = −γ 2 . In the degenerate case, we have
with γ 3 the largest root of κ 1 (−s) = κ 1 (−γ 2 ). As stated in Lemma 4 below, if κ ′ 1 (−γ 2 ) > 0, it follows that D 2 = ∅ = D 2 and otherwise the cones D 2 and D 2 coincide. This partition of the positive quadrant into cones Figure 2 .
5. Sharp asymptotics for degenerate risk-processes. We restrict now ourselves to a two-dimensional Lévy process (X 1 , X 2 ) with X i (t) = x i + p i t − S(t), i = 1, 2, where S is a compound Poisson process with positive jumps. Throughout this section, we assume that
where κ i is the cumulant exponent of X i − x i . Note that whenever γ 1 exists, γ 2 exists as well, and γ 1 > γ 2 (by the convexity of κ i ). 5.1. A characterization of the asymptotic cones. We start with gathering some properties of the asymptotic cones, in the degenerate setting.
Lemma 4. The following hold true:
Proof. Writing
, it follows that s 1 < 1, since κ ′ 2 (−γ 1 ) < 0, and that s 2 < s 1 , since γ 1 > γ 2 and, by the strict convexity of κ 2 , κ ′ 2 is strictly increasing on its domain. Next, in view of the definitions of s 2 and s 3 , it follows that s 3 = 0 [resp.
. Subsequently, we note that on the ray x 1 /x 2 = γ 2 /γ 1 it holds that
The strict convexity of κ 2 thus implies that along the ray
It is a matter of algebra to verify that these inequalities are equivalent to s 2 < γ 2 /γ 1 < s 1 (see also Lemma 5 below). The assertions (i), (ii) and (iii) follow then in view of the definitions of D i , i = 0, 1, 2, and D 2 .
A key point in the analysis of the asymptotics of the degenerate risk processes is an equivalent description of the cones D i in terms of comparisons with the time T = T (x 1 , x 2 ) defined in (26), which will enable us to translate the asymptotics in two-dimensional space into the "space-time" asymptotics of Arfwedson (1955) and Höglund (1990) .
[where x = (x 1 , x 2 ) ∈ R 2 + ], the following hold true:
Proof. The first two equalities for D 1 and D 2 are just the definitions, given in (47). Next, we note that from the definition of T it is easy to check that
In particular, inserting a = s 1 [defined in (48)] and using 5.2. Asymptotics. The leading term asymptotics of the two-dimensional ruin probabilities will be expressed in terms of the usual "one dimensional large deviations cast": the adjustment coefficients γ i > 0 of X i satisfying κ i (−γ i ) = 0, and γ(a) given for 0 < a < 1 by
Below we consider asymptotics along the rays (aK, K) in the plane with a < a, where
with, as before,
Note that in terms of the "space-time velocities" the restriction a < a reads as v = v a < −v. 
where, for i = 1, 2,
where θ w < θ
Next, we turn to the asymptotics of the ruin probability ψ and , which are formulated in terms of the (sometimes different) partition of the positive quadrant into D 1 , D 2 and
Theorem 6. If a < a, then it holds that, as K → ∞,
are respectively given by (51) and (52).
Note. These results imply that if (aK, K) is contained in either D 1 or D 2 , then ψ sim (aK, K) and ψ and (aK, K) are of the same order.
5.3. Two terms asymptotic expansions in terms of one-dimensional shifted measures. The key for obtaining "two terms asymptotic expansions" for ψ or and ψ sim (and then also leading term asymptotics) is given by the following decompositions that are generalizations of Corollary 1 to the current setting.
Corollary 2. Let x 2 > x 1 . It holds that
with h i (x) = e γ i x ψ i (x), i = 1, 2.
Proof. In view of (30), the Markov property and a change of measure it follows that
using that X 1 (T ) = X 2 (T ). The proof of the decomposition of ψ sim is similar and omitted.
For ψ and similar decompositions are derived in the following result. Recall that γ 3 is defined as the largest root of κ 1 (−γ 2 ) = κ 1 (−θ) and set γ := γ 3 −γ 2 .
Corollary 3. For x 2 > x 1 it holds that
where w 1 is given in (35) and, with τ 1 = τ 1 (x 1 ) and τ 2 = τ 2 (x 2 ),
Proof. Recall that (55) was derived in Proposition 1. It follows by definition of γ 3 that κ 1 (−γ 2 − γ) = κ 1 (−γ 2 ) or, equivalently, κ
In view of this observation and the form of κ(u, v), derived in Example 1, it follows that κ(− γ, −γ 2 ) = 0. Changing measure with the martingale exp(− γ(X 1 (t) − x 1 ) − γ 2 (X 2 (t) − x 2 )) and applying the strong Markov property at τ 1 yields the first equality in (56).
The second equality follows by noting that
where in the second line we used the Markov property and that {τ 2 ≤ T } ⊂ {τ 1 ≤ T } and in the last line we changed the measure and that X 1 (T ) = X 2 (T ).
We write
Proposition 2. Assume that θ < −γ 1 . For any v < −v, it holds that, if x 1 , x 2 → ∞ such that x 2 /T (x 1 , x 2 ) = v, ψ or (x 1 , x 2 ) ≈ ψ 1 (x 1 , T ) + C 2 (v)e −γ 2 x 2 ψ (−γ 2 ) 1 (x 1 , T ), (57) ψ sim (x 1 , x 2 ) ≈ ψ 2 (x 2 , T ) + C 1 (v)e −γ 1 x 1 ψ (−γ 1 ) 2 (x 2 , T ), (58) where, for i = 1, 2 and v = −κ ′ 2 (−γ 1 ), −κ ′ 2 (−γ 2 ),
where θ v < θ where γ = γ 3 − γ 2 and for v = −κ ′ 2 (−γ 3 ),
, with ψ * i being the Laplace transform of ψ i .
Proof of Proposition 2. In view of Corollary 2, the proof for ψ or is complete once we show that C 2 (x 1 , T ) converges to C 2 (v) if x 1 , x 2 → ∞ such that x 2 /T = v. We distinguish between two cases.
If x 1 + κ ′ 1 (−γ 2 )T > 0, then the strong law of large numbers implies that X 1 (T ) → ∞ P (−γ 2 ) -a.s. and that P (−γ 2 ) (τ 1 (x 1 ) ≤ T ) tends to zero (see Theorem 1). Since h 2 (y) → C 2 as y → ∞ (by the Cramér-Lundberg approximation), we conclude that C 2 (x 1 , T ) converges to C 2 (by bounded convergence).
In the case that x 1 + κ ′ 1 (−γ 2 )T < 0, we note that by virtue of Theorem 2(i) the distribution of X 1 (T ) conditioned on τ 1 > T (under P (−γ 2 ) ) converges to the measure Ψ v in (23), with the shifts in (23) calculated using the cumulant exponent κ (−γ 2 ) 1 and direction v ′ = x 1 /T (x 1 , x 2 ). Note that the application of Theorem 2 is justified since we have that θ < −γ 1 < −γ 2 . Indeed, observe at this point that κ The proof of the asymptotics of ψ sim is similar and omitted.
Proof of Proposition 3. In view of Corollary 3 to finish the proof, we have to show convergence of the conditional expectations in the two different cases.
In the first case when x 1 + κ ′ 1 (−γ 3 )T < 0, it follows by the law of large numbers that P (−γ 3 ) (τ 1 ≤ T ) tends to 1. Also, taking note of Lemma 1 and of the fact that in view of the definition of T , it holds that X 2 (τ 1 ) = X 1 (τ 1 ) + (p 1 − p 2 )[T − τ 1 ]), it follows that X 2 (τ 1 ) → ∞ and h 2 (X 2 (τ 1 )) → C 2 , P (−γ 3 ) -a.s. Therefore, the bounded convergence theorem implies that the expectation in the first line of (56) converges to C 2 C (where C denotes the asymptotic constant for ψ 1 under P (−γ 2 ) ).
In the opposite case that x 1 + κ ′ 1 (−γ 3 )T > 0 invoking Theorem 2 as in Proposition 2 (which is in this case justified as θ ≤ −γ 1 < −γ 3 ≤ −γ 2 ) yields the form of C 1 (v) and C 2 (v) and in view of (31), the proof is complete.
